Abstract. Given an 80-adjacency doxel-based digital four-dimensional hypervolume V , we construct here an associated oriented 4-dimensional polytopal cell complex K(V ), having the same integer homological information (that related to n-dimensional holes that object has) than V . This is the first step toward the construction of an algebraic-topological representation (AT-model) for V , which suitably codifies it mainly in terms of its homological information. This AT-model is especially suitable for global and local topological analysis of digital 4D images.
Introduction
Homology (informing about 0, 1, 2 and 3-dimensional holes: connected components, "holes" or tunnels and cavities) of the 3D objects is an algebraic tool which allows to describe them in global structural terms [9] . This and others related topological invariants are suitable tools for some applications in which pattern recognition tasks based on topology are used. Roughly speaking, integer homology information for a subdivided 3D object (consisting in a collection of contractile "bricks" of different dimensionality which are glued in a "coherent" way) is described in this paper in terms of explicitly determining a boundary operator and a homology operator for any finite linear combination (with integer coefficients) of bricks such that, in particular, the boundary of the boundary (resp. the homology of the homology) is zero.
In [7] , a method for computing homology aspects (with coefficients in the finite field Z/2Z = {0, 1}) of a three dimensional digital binary-valued volume V considered over a body-centered-cubic grid is described. The representation used there for a digital image is an algebraic-topological model (AT-model) consisting in two parts: (a) (geometric modeling level) A cell complex K(V ) topologically equivalent to the original volume is constructed. A three dimensional cell complex consists of vertices (0-cells), edges (1-cells), faces (2-cells) and polyhedra (3-cells). In particular, each edge connects two vertices, each face is enclosed by a loop of edges, and each 3-cell is enclosed by an envelope of faces; (b) (homology analysis level) Homology information about K(V ) is codified in homological algebra terms [5, 6] . This method has recently evolving to a technique which for generating a Z/2Z-coefficient AT-model for a 26-adjacency voxel-based digital binary volume V uses a polyhedral cell complex at geometric modeling level [11, 12, 17, 19] and a chain homotopy map (described by a vector fields or by a discrete differential form) at homology analysis level [20, 24] . Formally, an AT-model ((K(V ), ∂), φ) for the volume V can be geometrically specified by a cell (polyhedral) complex K(V ) and algebraically specified by a boundary
operator, where C(K(V )) is the chain complex canonically associated to the polyhedral cell complex K(V ) (i.e., all the finite linear combinations of the elements of K(V ) are the elements of C(K(V ))). These maps satisfy the following relations: (a) ∂∂ = 0 = φφ; (b) φ∂φ = φ; (c) ∂φ∂ = ∂. K(V ) is homologically equivalent (in fact, homeomorphically equivalent) to the voxel-based binary volume due to the fact that the process of construction of K(V ) is done in a local way by continuously deforming the geometric object formed by any configuration of "black" voxels (represented by unit cubes) in a 2 × 2 × 2 neighborhood to the corresponding (polyhedral) convex hull of the barycenters of these voxels. In fact, the different cells of K(V ) are convex hulls of the configurations of m points placed in a 2 × 2 × 2 elementary cube, with m ≤ 8. The corresponding boundary and homology operators for each cell can be computed and saved in a look-up table for speeding up Z/2Z-homology runtime computation. This method is suitable for advanced topological analysis (computation of homology generators, Reeb graphs, cohomology rings . . . ).
Homology with integer coefficients condenses the information provided by homology groups with coefficients in another commutative ring or field (like, the field of real numbers, the field of rational numbers, finite fields . . .). In [23] , working with integer coefficients, a polyhedral 3D AT-model (K(V ), ∂), φ) for a 26-adjacency voxel-based binary digital volume is constructed. In this paper, we work with a 4-dimensional ambiance (see [16] ). More concretely, we work with a doxel-based digital binary 4D volume and using integer coefficients we determine a correct ("well oriented") global boundary operator ∂ K(V ) of the cell complex K(V ) as an alternating sum of the exterior faces of it. To do so, we construct K(V ) piece by piece specifying its corresponding local boundary operators knowing that they will be coherently glue one to each other to determine ∂ K(V ) . A boundary isosurface extraction algorithm can be derived from this framework. Different homology computation techniques [2, 3, 6, 7, 15, 22] can be applied to K(V ). Starting from K(V ) and using vector fields [20] or spanning-like trees [24, 21] , an algorithm (based on configuration look-up table) for constructing a global homology operator and, hence, a 4D AT-model of V appears as a feasible task and will be our objective in a near future.
4-Polytopal Continuous Analogous
We focus our interest in determining a orientation-correct 4-polytopal cell complex K(V ) topologically equivalent to V . The process to construct it is:
1. We divide the 4D-volume into overlapped (its intersection is a "3-cube" of eight mutually 80-adjacents doxels) unit hypercubes formed by sixteen mutually 80-adjacents doxels (see Figure 3) . The different maximal cells of K(V ) will be suitable deformations of these unit hypercubes. 2. We use cartesian product (CP) techniques to simplicially subdivide each unit 4D-cube as it is indicated in the Algorithm 1.
We can interpret the 0,1,2,3,4-simplices non-degenerate of the following way: if a is a non-degenerate 0-simplex then a is vertex of the CP else if a is a non-degenerate 1-simplex then a is an edge of the CP and it are obtained as follows:
(a) The first element of the first 1-simplex (a 11 ), the first element of the second 1-simplex (a 12 ), the first element of the third 1-simplex (a 13 ) and the first element of the fourth 1-simplex (a 14 ) form in order the coordinates of the vertex (a 11 , a 12 , a 13 , a 14 ) 
(cell deformation stage)
With each unit hypercube Q 4 , we associate the corresponding 4-polytopal cell c and its border. The idea is to deform Q 4 using integral operators (elementary chain homotopy operators increasing the dimension by 1, which are non null only acting on one element [5] ) to get the convex hull of this configuration. Now, we give an orientation to each cell c which preserves the global coherence on the cell complex (see Algorithm 2). To finish this section, we are going to highlight "good" properties of our fourdimensional model: (a) It can capture the homology at the same time that we construct it; (b) It allows us to render the boundary surface of the 4-polytopal continuous analogous K(V ); (c) It can be generalized to nD.
Local Convex Hulls for the 4-Polytopal Cell Complex
In this section we show a simplicial decomposition of the elementary hypercube Q 4 . This decomposition will help us in determining the correct boundary operator for the deformed cells coming from the different configurations of black vertices in the standard unit 4D-cube.
To represent a set of vertices of Q 4 , we use two different visualizations:
1. (by 3D slices) We consider the 4D object divided into 3D slices, such an object may be thought of as a "time series of 3D objects" (see Figure 4) . 
(by Schlegel diagram)
It consists on a projection of a polytope, from a n-dimensional space into (n − 1)-dimensional space, through a point beyond one of its facets. It is also called tesseract (see Figure 5 ).
Fig. 5. Visualizing a 4D object using the Schlegel diagram
Using the first visualization (for example in the Y-Representation), in order to obtain a Q 4 simplicialization (see Figure 4) , we must compute the barycenter of each one of the eight 3-cubes which form the boundary of the unit 4-cube and so we will get two new cubes (see Figure 6 ) which we must simplicialize using Algorithm 1; so we will have the Y-Representation of a Q 4 simplicialization. The same way, we can obtain X,Z,T-Representation of a Q 4 simplicialization. In order to visualize the simplicialization of the interior of Q 4 we use the tesseract visualization (see Figure 5) .
First of all, we need to know pentatopes (hypertetrahedra) in which Q 4 is decomposed. To do this, we use the degeneracy operators of the CP. In this way, we obtain the 24 pentatopes of the hypercube Q 4 . Now, we have to order the vertices of the pentatopes in such a way that each one has inverse orientation to its neighbors. The 4-cube Q 4 is then defined as a cell complex, since the orientation of its pentatopes allows us to determine a correct boundary operator. Finally, we show here an example for getting the final boundary operator for a 4-polytopal cell, applying integral operators to the unit 4-cube Q 4 .
We suppose that we have a unit 4-cube configuration of 15 vertices, without loss of generality, we can suppose that the vertex (1, 0, 0, 1) is removed. Indeed, it is equivalent to say that we have a unit 4-cube configuration where 15 of them are black and one of them is white.
Using the Algorithm 2 we must define the following integral operators for obtaining the convex hull of the configuration (affected simplices in Figure 9 
Conclusions and Applications
This paper is a step toward the extension to 4D and integer coefficients of the 3D AT-model proposed in [19, 20] . Given a binary doxel-based 4D digital object V with 80-adjacency relation between doxels, it is possible to construct a homologically equivalent oriented hyperpolyhedral complex K(V ) in linear time.
Starting from this result, it is possible to design an algorithm for computing homology information of the object. In this algorithm, a look-up table with all the possible configurations of black doxels in the unit 4-cube Q 4 (that is, all possible polytopal unit cells) saves their boundary operator, simplicialization and homology operator. In a near future, we will intend to develop a technique for homology computation of 4D digital objects based on this schema.
